INTRODUCTION
This paper is concernée with the finite element solutions for the radiation cooling problem with the nonlinear boundary condition :
" t (1.1) -= g(x, u) on T . > Here x = (x u x 2 ,..., x n ), Q is a bounded convex domain in the rc-dimensional Euclidean space IR". The boundary F of Q is assumed so smooth that the maximum principle for if holds [7, 16] and 5£ is the uniformly elliptic selfadjoint second order operator :
The coefficients a tJ (x) = a Jt where {x 1 (x),..., x n (x)) is the outer unit normal to T at x The problem (1.1) arises in the theory of heat transfer between solids and gases under the nonlinear radiation boundary condition obeying Newtorfs Law of Cooling (cf. [6, 13, 14] and the références therein). For example, the « fourth power law » will employ g(x, u) = -w 4 + Q(x) with Q(x) > 0 [14] . The unknown function u(x) represents the absolute température distribution in a solid, so that u(x) is required to be positive. In [6] , Cohen established the uniqueness and existence of the positive solution of (1.1) under the following assumption. 
In the present paper, we shall study the finite element approximation to (1.1), based upon piècewise linear polynomials and lumping operator. The monotone itérative method is considered for solving the nonlinear algebraic équations associated with the finite element approximatioa Furthermore, we shall prove that the fmite element solutions converge uniformly to the exact solution with a certain rate of convergence under some appropriate assumptions on discretization. Finally, some numerical results are presented to indicate the effectiveness of our theorems in the two dimensional case.
For related results on fmite element approximations to the nonlinear problems with the Dirichlet boundary conditions, we refer to Ishihara [9, 10, 11, 12] .
Throughout this paper, C, C ls C 2 ,... dénote generic positive constants independent of the discretization parameter h, which are not necessarily the same at each occurrence.
NOTATION AND FINITE ELEMENT APPROXIMATION
In this section, we shall describe some notations. Let 
Recall that we have assumed Q to be a convex domain in R" with smooth boundary F. As usual, we triangulate Q. in such a way that :
where T q9 \ ^ q ^ J are nondegenerate closed n-simplices whose interiors are pairwise disjoint and P t ,l ^ i ^ N (or P t , N + 1 ^ i ^ N + A/) dénote the vertices of the triangulation which belong to Q (or T). See figure 1. Set :
Remark 1 : Let 0 be the angle between T h and the tangent plane to F at the point P e F in figure 1. Since F is smooth and since T h is the boundary of the polyhedral domain Q h , there exist positive constants C 1 and C 2 such that [19, 21] 
We say that a family { lS ft } of triangulations is regular if there exists a positive constant c 0 independent of the triangulation such that h q S c 0 p q for all T q s&. For an w-simplex T q e^\ let P™ -P l9 P[ q) = P lx> ..., P^ = P ln be its vertices and let X^q ) (x), 0 ^ j ^ n be the barycentric coordinates of a point xeT q with respect to P^q\ 0 ^j ^ n, respectively. The barycentric subdivision jBf-ef î^-correspondmg io-P t which isrthe^ertex~öf T^wiÜFQie barycentric coordinate A,^(x) is given by
B?= fi
Then the lumped mass région ^(P) corresponding to P t is defîned as follows (see fig. 1 ) : 
Let ~ be the lumping operator given by
It is noted that $ h t = c| ) ft r Moreover, we define a bilinear form :
We now formulate the finite element approximation to (1.1) in the foliowing way :
This nonlinear équation is solved by the following hnear itérative method Remark 3 : In the case where n = 2 and i£ = -A (A : Laplacian), 75* is of nonnegative type if all the angles of the triangles are less than or equal to n/2 [5] .
In the sequel, we make the following assximptions on the triangulatioa Assumption 2 : { 7S* } is regular. Assumption 3 : 75 h is of nonnegative type.
MONOTONE CONVERGENCE AND ERROR ESTIMATE
In this section, we show the monotone convergence of the itération (2.2), and obtain the error estimate between the solution u of (1.1) and the solution u h of (2.1) in the L°°-norm. First, some lemmas are prepared without proofs. Also (3.4) and (3.6) imply that there exists a limit function :
and from (2.2), its limit function u h satisfies (2.1). This implies that u h ^ 0 is a solution of(2.1). Next, we show that u h > 0, i.e., Since \ r -0 and ^4 ril < 0, we obtain
The same arguments yield :
Since j is arbitrary, we have u h = 0. However, w h = 0 can not be a solution of (2.1). This is a contradiction. Hence, we have u h > 0. By using Theorem 1, we conclude that u h > 0 is a unique solution of (2.1). This complètes the proof.
• We are now in a position to prove the following theorem concerning the error estimate between u and u h . where C x is a positive constant independent of h. Therefore, by using (3.8) and (3.9) and by the same arguments as used in Tabata [20, p. 348 ] and Ciarlet-Raviart [5] , with the aid of (1.2), (1.3), and Assumption 1, we can obtairj :
where C 2 is a positive constant independent of h and u. From Lemma 3 and (3.10) we have the desired estimate :
where C is a positive constant independent of h and w. Therefore, the proof is complete.
• Remark 4 : By extending u h to Q\Q ft appropriately, we obtain the following error estimate : The boundary of Q is denoted by F. We deal with the following problem.
Problem :
In this case, d/dv dénotes the outward normal derivative on F, and Assumption 1 is satisfied. Hence, the unique positive solution for Problem is given by u(x 1 ,x 2 ) =£(x? + x\ + 1).
We triangulate Q as shown in figures 2, 3 and 4 (7, 25 and 79 nodes). Thus, Assumptions 2 and 3 are satisfied, so that Theorems 1, 2 and 3 hold. For the initial data of the itérative method, we takeX 0 = 1.0. The numerical con- In Table 1 , we show the monotone convergence résulte for the itérative method. Table 2 also gives the fimte element solutions, which mdicate the convergence to the exact solution as h tends to zero Thus, we can see that these numencal results demonstrate the vahdity of our theoretical results Ail computations were performed on the FACOM M-382 computer at Kyushu Umversity by using double-precision anthmetic which carnes about 15 significant digits Ail data m Tables 1 and 2 were rounded to 5 digits 
